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EXAMPLES OF HOLOMORPHIC FUNCTIONS VANISHING TO 
INFINITE ORDER AT THE BOUNDARY 

JONAS HIRSCH 


Abstract. We present examples of holomorphic functions that vanish to in¬ 
finite order at points at the boundary of their domain of definition. They 
give rise to examples of Dirichlet minimizing Q-valued functions indicating 
that ’’higher”-regularity boundary results are difficult. Furthermore we dis¬ 
cuss some implication to branching and vanishing phenomena in the context 
of minimal surfaces, Q-valued functions and unique continuation. 


1. Introduction 

In general branching phenomena are of interest in geometric measure theory 
and geometry, and are strongly related to vanishing phenomena in the context of 
PDE’s. There is some literature on branching in the interior and one has unique 
continuation results for PDE’s in the interior of their domains of definition. A more 
robust quantity then analyticity that seems to capture the structure and properties 
of branching and unique continuation seems to be Almgren’s frequency function. 
Little seems to be known about the branching phenomena and the behaviour of 
the frequency function towards the boundary. We present examples of holomor¬ 
phic functions that vanish to infinite order at boundary points of their domain of 
definition. In these points the monotonicity of Almgren’s frequency function fail in 
general. Thereafter we discuss some implication in the context of minimal surfaces, 
Q-valued functions and unique continuation. These might be an invitation and 
motivation to the study on boundary behaviour. 

Let me shortly explain how I got motivated to this approach, looking for holomor¬ 
phic functions vanishing to infinite order with a ’’large” zero set. 

My own attempts trying to understand the boundary regularity of Q-valued Dirich¬ 
let minimizing imposed the question: ’’Can one say something about the structure 
of the singular set towards the boundary?” 

Almgren’s frequency function is a key tool to study the singular set in the interior. It 
is monotone quantity that enables a stratification procedure, compare for example 
[TOl section 3.4 - 3.6] or the work of N. Wickramasekera et al. Such a stratification 
procedure built on a monotone quantity had been successfully applied as well in 
other context. (In some sense they can be considered refinements of the ’’dimension 
reducing” argument of Federer [3].) Unfortunately Almgren’s frequency function is 
in general only monotone in the interior, so a direct extension to the boundary is 
not possible. 

An inspiring discussion with N. Wickramasekera about possible expectations about 
the structure of the singular set towards the boundary made it apparent that a 
first impression could be obtained by looking at harmonic or holomorphic functions 
with zeros accumulating towards the boundary. This link was motivated by the 
fact that Almgren’s frequency functions has been successfully applied in the con¬ 
text of unique continuation (e.g. 0) where the vanishing order is measured with 
the frequency function. The examples presented are perhaps as well of interest in 
other context such as minimal surfaces and unique continuation. This is discussed 
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in more detail in sectional 

To give a first impression we state here an implication to Q-valued Dirichlet min- 
imizers heuristically to avoid introducing the relevant terminology. The precise 
statement can be found in corollary 14. 5 1 

Corollary*: 

Given 0 < s < 1, an integer Q > 2 there is a Q-valued function u, Dirichlet mini¬ 
mizing with respect to compact perturbations satisfying the additional properties: 

(i) the trace u\ „ is ’’smooth”; 

(ii) */s < 1 then H®(sing(M)) = 1 and if s = 1 then dim^(sing(M)) = 1. 

We state now the underlying properties of the holomorphic functions. We present 
examples of holomorphic functions on the half plane C+ = {z G C: 5R(2:) > 0} that 
admit (7°°-extension to C+ and vanish to infinite order at boundary points. Their 
properties are: 

Lemma 1.1. Let 0 < s < 1 be given. There exist 

(i) a nowhere dense compact Cantor type subset Eg C [0,1] with TT’^Eg) = 1 
if0<s<l and dimn{Ei) = 1; 

(ii) holomorphic functions F{z), G{z) on C+ with the property that f{z) = 

g{z) = G{z)e~^^^^ admit -extensions to C+. Moreover, f,g 
vanish to infinite order at any z G —iEg and for every z G —iEg there is a 
sequence Zk G C+ with Zk ^ z and g{zk) = 0 for all k. 

The functions are constructed similar to the Weierstrass’ function, an example 
of a non-differentiable function. Instead of an infinite series we use infinite products 
of the following holomophic building blocks: 

(1.1) aiz) = e"^”“ for 0 < a < 1 

b{z) = cos(ln(z))e“^ for 0 < a < 1. 

This note has the following structure: 

the results of sections [5] and |3] combined prove lemma 11.11 Section 0] presents some 
first implications to branching of minimal surfaces, Q-valued functions and unique 
continuation. 
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2. Construction and properties of the set Eg 


The construction is a classical Cantor type construction. Nonetheless for the 
sake of completeness and to fix certain parameters we present the construction in 
detail. We follow closely an approach of Falconer in |31 Theorem 1.15]. 

Lemma 2.1. Let 0 < s < 1 6e given. Then there is a nowhere dense compact 
subset Eg C [0,1] s.t. 'H^(Es) = 1 j/0<s<l and dim{Ei) = 1. 

Proof. The set Eg is obtained classically as the intersection of a decreasing family 
of compact sets 




fc=i 1=1 


The compact subintervals Ek^i are defined inductively. 
We fix a sequence of parameters by 



if 0 < s < 1 

1 + ki — {k — 1)3, if s = 1 



We choose Uq.i = [0,1] and proceed inductively. Suppose Ek-i.i,l = 1,...,2^“^ 
defined, then Ek^ 2 i-i, Ek, 2 i are the closed subintervals obtained by removing an 
open interval in the middle of E^-u with 


\Ek,2i-iV° = \Ek,2iV'° = - \Ek-i,i\’’’°. 


( 2 . 1 ) 


We obtained 2^ closed intervals Ek.i of equal length 



( 2 . 2 ) 




f if 0 < s < 1 and X;, 


where we used that ^ 


fc + /c3 if s = 1. 


In a first step we will check that 'H‘‘{Eg) < 1 {fH.^{Ei) = 0). To do so, let J > 0 
be given. Due to (12.21) there is ko > 0 with \Eko,i\ < S. Hence {Ekj}f^i is an 
admissible <5-cover for Eg for any k > ko. With (1^ in mind we have 



(2.3) 


Now in the second step we check that TT^{Eg) > 1 if s < 1 and TL'^{Ei) = +cx) 
for all cr < 1 if s = 1. Equivalently we have to show that for any e > 0 there is a 
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5 > 0 with the property that for any (5—cover U of Eg we have 

(2-4) E diam{Cy > niiEg) > 1 - e, if 0 < s < 1 

C&A 

E diam{Cy > 'H1{Ei) >-. if s = 1 i.e. ct < 1 

cm ^ 

Let e > 0, cr < 1 be given. We fix fcg > 0 large, determined later s.t. at least 
CTfeo > o- and 0 < (5 < \Eka,iV 

Fix an admissible <5—cover lA by intervals Ej^j. Hence k > kg for any of these 
intervals. The compact intervals Ek^i are relative open to the compact set Eg, so 
that the cover can assumed to be finite. Removing all intervals that are contained 
in some other of the collection we can even assume that they are mutually disjoint. 
Let Ek^ 2 i-i (or Ek, 2 i) be one of the shortest intervals in U. Its companion Ek, 2 i 
(respectively Ek, 2 i-i) has to be in U as well because all intervals are disjoined and 
they are one of shortest. The sums in dZl do not increase if we replace these two 
intervals by its precessor Ek-ij D Ek^ 2 i-i U i?fe, 2 Z because 

\Ek, 2 i-iY + \Ek, 2 iY = \Ek-id\^, if 0 < s < 1 

\Ek,2i-iy + \Ek,2iy = 2^ \Ek-i,iy > |i?fe-i,zr, T S = 1 i.e. cr < 1 

where we used (ED and CTfe > cTfcj, > a. We may proceed in this way, replacing the 
shortest intervals by larger ones without increasing the value of the sums, until we 
reach that all intervals are of same size i.e. U —>■ {Ek^j}fJi for some fci > feg. We 
conclude 

2 '=! 

E diam{cy > El^^fci.zl" = 1, if 0 < s < 1 

cm 1^1 

2^4 2 

E diam{Cy > El^^fci.zT = >-. if s = 1 i.e. a < 1 

cm 1=1 ^ 

2 

where we used (12.d|) and ki > fcg with fcg > 0 sufficient large s.t. 2^^ > 4. 

It remains to argue that the assumption that the 5—cover is made out of intervals 
Ekj is no real restriction. Fix any (5-cover V. We can assume that it consists of 
open intervals without changing the value in (12.41) significantly. Since Eg is compact 
the cover can assumed to be finite. 

Firstly let us argue for Ei. Any interval I €V intersects at most three intervals 
Eki,i with < |/| < \Eki-iy. Otherwise / would need to contain an interval 

of length at least |i?fc/-i,z| due to the Cantor type construction. This is impossible 
by the choice of kj. Replacing I by these at most three intervals Ekj^. and the same 
for any other interval in I we obtain an open cover U by intervals Afc.z- Furthermore 

E i^Mr<3Ei^r- 

Ek,im lev 

We had just shown that the left hand side is larger then 4, so (E3D holds for s = 1. 
If 0 < s < 1 we transform the (5-cover V iteratively without increasing the sum in 
(1^ to a 5-cover 14 by sets in Ek,i. At first contracting each interval I G V we 
pass to a cover Vi by closed intervals J with endpoints that are the endpoints of 
some Ek^i- This process ensures ^ ^ closed 
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interval in the cover and J C Ek-i^i for some k,l. Then 

(2.5) \JnEk,2i-i\^ + \JnEk,2i\^ <\jnEk-i,i\^ 

because |£'fc, 2 i-i|* + \Ek, 2 i\^ = \Ek-i,i\^ and the left-hand side of (12.511 increases 
faster then the right-hand side. If either J n Ek, 2 i-i ^ Ek, 2 i-i or J n Ek, 2 i ^ Ek, 2 i, 
we repeat the process, replacing J n Ek, 2 i-i and J fl Ek^ 2 i by smaller intervals. 
This process terminates after finitely many steps till we reach the desired cover U. 
By construction we ensured ~ proves (12.41) if 

0 < s < 1. 

□ 


3. CONSTRUCTION OF THE HOLOMORPHIC FUNCTIONS 


The Cantor set Eg was obtained as 


oo 2* 

=n 

k-l 1=1 

Based on this construction, we define the index set: 

I = {(fc, /): fc = 1,..., oo, Z = 1,..., 2^} with r = (fc, 1) G X. 

Recall that the enumeration had been chosen s.t. Ek, 2 i-i U i?fe, 2 Z C Ek-i^i^{k,l). 
The Cantor set Eg constructed in lemma [2Tl i.e. (12.2L had the property that 


\Er\ = \Ek,l\ 



if 0 < s < 1 
if s = 1 


'iTGX. 


We denote with y-^ the left boundary point of the compact interval Et . Furthermore 
it is useful to fix some terminology. IR_ = {z = a; -|- zO: a; < 0} denotes the negative 
real axis. We will use z + iyr = for any t G X. And for any y G R let M—iy 

be the by —iy translated negative real axis i.e. the set {x — iy: x < 0}. And we 
will use 

R- — iEg = (R_ — iy) = {x — iy: X G R-,y G Eg}. 

veE, 

The proof to lemma fTTTl is split into two parts. In the next paragraph we construct 
holomorphic functions E, G based on the Cantor set Eg and then in the subsequent 
paragraph the C°° extension is proven. 


3.1. Holomorphy. On the slit plane C\R_ the principal value of the logarithmic 
function In : C \ R_ ^ C fl {—tt < S(z) < tt} is single valued and holomorphic. So 
will be all roots for a G R defined as z“ = e“'‘ 

As composition of holomorphic functions on C \ R_ the building blocks, a{z) = 
e~^ , h{z) = cosh(ln(z))e“^ are clearly holomorphic on C \ R_ 

(z + iyT)~°‘ = is single valued and holomorphic on C \ (R_ — iyr) C 

C \ (R_ — iEg) for every t G X, Ofe G R. 


Lemma 3.1. Given a sequence of complex numbers G C with 2^|afc| < oo 

and a sequence of real numbers 0 < Ofc 1 then 

F{z) = ^ ak{z + zyr)"“'= 

rei 

is holomorphic on C \ {R_ — iEg} and so is 
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Proof. For a fixed 0 < d < 1 we have for any z £ {z € C: dist(0, —fi?s) > d} 
satisfies \{z + < d~^. So that the sum Yl,T^i\^k{z + < 

d“^^^i2^|afe| < oo converges absolutely. F is therefore the uniform limit of 
holomorphic functions on G C: dist( 2 :, —iEg) > d} and so itself holomorphic. d 
has been arbitrary and therefore F is holomorphic on C \ (M_ — lEs). is the 

composition of two holomorphic functions and so itself holomorphic on the same 
set. □ 


Lemma 3.2. Given a sequence of non-negative real numbers bk G R+ that satisfies 
< oo, then for any subset J Cl 

(3.1) Gj{z) = n cos( 6 fe ln(z + iyr)) 

TdJ 

is holomorphic on C\ (K_ — iEg) and uniformly bounded by 
\Gj{z)\ < 


Proof. As a composition of holomorphic functions cos{bk ln(z + z?/T.)) is holomorphic 
onC\(K_—lAs) for every r G I. Since cos(a:+ij/) = cos(a;) cosh(?/) —i sin(a;) sinh(?/) 
we have cos{bk \n{z + iyr)) = cos{bk ln(rT.)) cosh( 6 fcdr) + * sin(— 6 ^ ln(rT.)) sinh( 6 fedT-). 
So we got that for every r G I 


(3.2) 

(3.3) 


|cos( 6 fc In(rT-)) cosh( 6 fed.r)| < |cos( 6 fe ln(z + z?/r))| < cosh( 6 fed.r) 


S(cos(bfc \n{ziyr))) 
3i(cos(6fc ln(z + iyr))) 


tan(—In(rT-)) tanh)^^^^)- 


To show that en) is well defined and holomorphic, fix 0 < d < 1 and fco G N 
sufficient large s.t. 0 < — 5^ ln(d) < ^ for all k > kg. This ensures that for any 
z € {d < dist( 0 , —iEg) < 3 } and r G I fl {fc > k^} we have —j < bk In(rT-) < j. 
Hence ln(cos(&fc ln( 2 ; + iyr))) is a holomorphic function on {d < dist(z, —iE^) < i} 
if T G / n {/c > fco}. 


(3.4) ln(cosh( 6 fcdT-))+ln(cos( 6 fe ln(r,-))) < ln(|cos(&fe 10 ( 2 + 11 /,-))|) < ln(cosh(5fcdr)) 

where we used (ES- This is the real part of ln(cos( 6 fc ln (2 + iyr)))- Its imaginary 
part, the argument of cos(5fc ln (2 + iyr)) can be estimated by ^|5fcln(r,-)| taking 
into account that |tanh| < 1 and —j < 6 fcln(r,-) < j. Combining both we deduce 

|ln(|cos( 6 fc ln (2 + iyr))\)\ < \n{cosh.{bkOr)) - ln(cos(&fc ln(r.,-))) + \bk ln(r.,.)|. 

One checks that h{x) = ~ in(TOs( 3 :)) monotone increasing on ]0,^[, hence for 
| 2 ;| < f we have — ln(cos(x)) < C\x\ with C = h{^). Consequently we have 

|ln(|cos( 6 fcln (2 + iyr))\)\ < bk\0r\ + (C + 2)|6fcln(r^)| < (tt - ln(d)(C' + l))bk; 

J2r(^xn{k>ko}\Hcos{bkHz + iyr)))\ < (tt - ln(d)(C'+ 1)) converges 

uniformly on {d < dist( 2 , —iEg) < so that 

Gi{z) = 

is holomorphic on {d < dist( 2 , —iAs) < ^}. (13.41) showed that 3?(ln(cos(6fc ln (2 + 
Wt)))) < ln(cosh( 6 fc 6 (,-)) < bk\9r\ and therefore 

|Ol(2)| = < gE,rej^,k>kg 


G 2 (z)= JI cos( 6 fc ln (2 + 11 /^)) 

TdJ 

k<kQ 
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is the product of finitely many holomorphic functions on C \ (R_ — iEg) and so 
itself holomorphic with 

1^2(2)! < n \cos{bkln{z + iyr))\ < cosh{bkOr) < '’'= 1^-1 

tGJ tGJ 

k<.kQ k<.ko 

where we used (lO) . Multiplication of Gi and G 2 closes the argument. □ 

cos(6fc ln(z + iyr j) = 0 for z = —iyr + e for any t = {k,l) £ 2 and m € N, 

so that 

G(z) = Gi{z) = 0 for all z = —iyr + e ^ , t = {k,l) £ I,m £ N. 

Consequently we got the following: 

Corollary 3.3. Let Q!fe,afe,6fc be sequences of non-negative real numbers, that sat¬ 
isfies 0 < Ofc < 1 and < 00 then 

/(z)=e-^(^), g(z) = G(z)e-^(^) 

are holomorphic on C\ (R_ — iEg). Furthermore 

g{z) = 0 for z = —iyr + e ,t = {k,l) £ I,m £ N. 

3.2. G°°-extension. In this section we will show that one can choose sequences 
ak,bk,ak appropriately (satisfying the conditions of corollary 13.31) such that f,g 
are holomorphic on C+ and admit a G°“-extension to C+ = {z € C: 5R(z) > 0}). 


Firstly we check that the building blocks, a, b, introduced in (HH, admit such a 
G°°-extension to C+ and are vanishing to infinite order in 0 i.e. 


(3.5) 


lim 

hINb 

zec+ 




= 0 . 


By induction one shows that there are constants G = G{m),D = D{m) > 0 
and pL = pL(m),v = vlrn) £ K (depending only on m) s.t. for any 0 < a < 1, 
z = re*® e C\M_, r < 1 

< G|z“2’"| 



and 


dz''- 


■ cos(ln(z)) 


M- 


cos(ln(z)) sin(ln(z)) 


<Dr ™cosh(0). 


Hence (13.51) holds if ^ 0 as r 

to 5R(z““) + m ln(r) —>• +00 as r 
so 


0 for every m £N. This is equivalent 

ZL 
2 


0 . For z € C+ \ {0} we have — f < 0 < f and 


_ _ _ TT 

lR(z “) + mln(r)=r “ cos(a0) + to ln(r) > r “ cos(a—) + to ln(r) —>• oo(r —>■ 0). 

Similarly we can conclude the extension for f,g: 

Lemma 3.4. Let the sequences be ak = bk = ^p- and 


a, 


Oik = 


if 0 < s < 1 for some s < a < 1. 
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Then the function f, g of corollarv \3.S\ are holomoTrvhic on <C\{S.- —iEg) and admit 
(7°° extensions to C+ with 


lim 

dist(z, —z£^s)—>-0 


dz'' 


-f{z) 
}, \ / 


dz^ 


;9{z) 


= 0 . 


Proof. That f,g are well-defined and holomorphic is the content of corollary [231 It 
remains to check the C°“-extension. 

Due to the general Leibnitz rule ^f{z) = E^=o iz){e-^‘^^^)^^'> it is 

sufficient to check that for any m,n G N, 

lim = 0. 

dist(z, —zSs)—J-O 
z^C+ 

Firstly we note that F is holomorphic on C+, {e~^G)y = 


T^X k—1 

for z G C+, dist( 2 ;, —iEg) > d, so that by induction we deduce 


(3.6) 




dz''- 


< Cd ^|e ^^^^1 for z G {dist(z, —IE's) > d}. 


for a constant G > 0 that depends only on m and Secondly, 

Cauchy’s integral formula 




Giw) 


27r* TdB^(z) {w - 


dw 


applies since G is holomorphic on Bd{z). Combining it with the uniform bound on 
|G| (lemma 1331) gives 


(3.7) 


|G("')(z)|<^ sup |G(n;)|< 


Gm! 


wGBd{z) 


Considering (13.61) . (13.7|) and the general Leibniz rule the C°° lemma follows if for 
every m S N 

^-m|g-F(z)| ^ g-(S)?(F(z))-Hmln(d)) ^ Q for d = dist(z, -iEs) ^ 0. 

This is equivalent to 

(3.8) 5R(F(z)) -I- mln(d) —>■ -bcx) as d —>■ 0. 


To check it, let z € C+ with d = dist(z, —lE^,) > 0 be given. Fix y G Eg with 
d = |z — iy\ and Tk = {k, 1) Gl with y G Er^ for each k gN. Take ko gN with 

(3.9) |Efc„+i,| <d< |Efc„,| 

Hence for k < kg we have < d + \Et^ \ < 2\Er^. \ and so 

ko 

5fi(E(z)) = ^ Ofc cos(afcdr)G Qfc cos(Q;fc^)r~°’'= 

tGX k—1 

^ /c=l 
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We will consider 0 < s < 1 and s = 1 separately. 

If 0 < s < 1 we have au cos{ak^)\Er^\~°^’^ = fc“^cos(a^)C^ where ^ = 2^“^ > 1. 
We combine this with 

feo feo—1 

(C - 1) ^ ^ - (fc + - C 

k—1 k—l 

to conclude that 


5J(F(z)) + TOln(d) > cfcp + TOln(d) — c( 

> (fcp + 1) — cC ^ +00 (fco —oo) 

where c = equivalent to (13.81) since due to (13.91) . — + 1) < 

ln(d) < -iS^fco. 

If s = 1, we have 


a/c cos(afc-)|S^fc 


(3.10) 

(13.101) holds because firstly \Et^ \ = 


1 23'=^ 

^ for k >9. 

2 ks 


a/c = I — 3 and therefore 


+ fc§) - A > ^ for > 9. 


Secondly, cos(a/c^) > (1 — a/c) = because cos((I — t)^) > t for 0 < t < 1. 
Similar as before we have 


ko 

(3.II) (2^-I)V 


k 3 -i- 2 . 
Kn + Q 


fc=9 


/CO-1 


(fc + 1) 3 


(fcn + i)3 


ks 


> 


k§ 9^ “g k-^ (fc + 1)^ /c| 


-I, 


where we used that fcs + | > (fc + l)3 to conclude that the sum in the middle is 
non-negative. We combine (I3.10p and (13.111) to conclude 


ko 

^{E{z)) + 77iln(d) > ^2 o/c cos(a/c —)|i?Tfc 1”“'“ + mln((i) 

fc=9 

> c- 7 - c — m ln(2)(fco -I- 1 -I- {ko -1-1)3) —>• -|-oo (fco “>■ oo) 

L3 

«,g 

where c = r—As before it is equivalent to (13.81) because of (13.91) . which is 
equivalent to — ln(2)(fco -|- 1 -f (fco + 1)®) < ln((i) < — ln(2)(fco + )• D 


4. Applications 

4.1. Minimal surfaces. Given a holomorphic function /i on fl C C open, Q € N 
one defines the irreducible holomorphic variety V C 11 x C by 

(4.1) V = {{Zyu) G n X C: u'^ = h{z)}. 

Following Federer we associate to V an integer rectifiable current of real dimension 
two denoted by |V]. It is given by integration over the manifold part of V, Vreg. 
i.e. Vr-eg. = {{z, u): = h{z),h{z) ^ 0}. 

Federer observed that |V] is a mass-minimizing cycle, since V, as a complex sub¬ 
manifold of is calibrated by the Kahler form (Wirtinger’s form). 

If we take h = g, ^ = C+ in dSD we get the following example: 
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Example 4.1. Given 0 < s < 1 and an integer Q > 2 there is a mass-minimizing 
cycle V C C+ x C with the additional property that if s < 1 tehnH®(V \ Vreg.) = 1 
and if s = 1 then dim^(V \ Vreg.) = 1- 

The additional property holds since V\ Vreg. = {(-2,0) £ C+ x C: G{z) = 0} and 
therefore V \ Vreg. = {{z, 0) G C+ x C: G{z) = 0}U—iEs- {(z, 0) G C+ x C: G{z) = 
0} is countable so that the claim follows by the properties of Eg. 

Remark 4.2. For two dimensional minimal surfaces in R. Ossermann had shown 
in m that true branching points can be ruled out in the interior. If the boundary 
curve is real analytic the existence branching points at the boundary can be ruled 
out as well. This was shown by R. Gulliver and F. Leslie in [7] for two dimensional 
surfaces in R.^. 

R. Gulliver presents in [HI Theorem 1.6] the following example: 

Theorem 4.1. There is a smooth minimal immersion X(n) C R^, C C+ simply 
connected with the following property: X maps dfl diffeomorphically onto a regular 
C°° Jordan curve F C R^ and has a true branch point at z = 0 £ V. The set of 
self intersections of X consists of the union of an infinite sequence of disjoint real 
analytic arcs, each which joints two points of F lying on opposite sides of the branch 
point. 

His construction uses the Weierstrass representation with a holomorphic vector- 
field that comes from a perturbation of the building block a{z) = e' , HID, with 
a = j. It could be of interest to see if one can follow his analysis using one of 
the holomorphic functions f or g (lemma II.1|) to construct a minimal immersion 
X in R^ with C°° boundary curve and a large set of true branching points on the 
boundary. 

4.2. Dirichlet minimizing Q-valued functions. One of the implications of lemma 
o in the context of Q-valued functions had been stated heuristically in the intro¬ 
duction. 

F. Almgren developed in his pioneering work [T] the theory of multivalued func¬ 
tions to prove a regularity result on area minimizing rectifiable currents. He intro¬ 
duced them as Q-valued functions. Q G N, fixed, indicates the number of values 
the function takes, counting multiplicity. We will refer to them from now on as 
Q-valued functions. We assume that the reader is familiar with the most basic 
definitions and results concerning the theory of Q-valued functions with focus on 
Dirichlet minimizers. We follow mainly the notation and terminology introduced 
by C. De Lellis and E. Spadaro in m- It differs slightly from Almgren’s origi¬ 
nal one e.g. (Aq(R"),( 7) denotes the metric space of unordered Q-tuples in R”, 
IF^’^(r2, Aq(R"')) the Sobolev space of Q-valued functions on a domain D C R^. 
A recollection of the most general definitions and results omitting the actual proofs 
can be found in [5J section 1]. G. De Lellis and E. Spadaro gave a modern revision 
of Almgren’s original theory and results concerning Dirichlet minimizers in m- 
The holomorphic functions /, g generate examples of Q-valued functions that are 
Dirichlet minimizing with respect to compact perturbations. Furthermore these ex¬ 
amples are defined on R{_ = {{x,y) £ R^: x > 0} ~ C+ and have ’’large” singular 
set towards the boundary. As we mentioned before the classical theory of Dirichlet 
minimizing Q-valued functions had been developed in [I] and revisited with modern 
methods in m- 

Before we are going to state the precise properties of the examples we recall the 
the definition of the singular set and related results thereafter the definition of 
C''=(D, Aq(R”") for a domain D C R". 
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Definition of the singular set: 

Given a Dirichlet minimizer u G ^q(R™)), D C open, a point y € Q 

is called a regular point of u if 3U C fl open neighborhood of y, Ui G C°“(C/, M™) 
harmonic with 

Q 

u{x) = for a.e. x €U 

i=l 

and Ui{x) ^ Uj{x),'\/x € U or Ui = Uj. The open set (by definition) of all regular 
points is denoted by regiu). sing(u) then denotes the relative closed complement 
ri\reg(u). 

An outcome of Almgrens original work is an estimate on the size of the singular 
set in the interior, compare [TUI Theorem 0.11]. 

Theorem 4.2. u G Aq(R™)) Dirichlet minimizing has dim-H(sing(M)) < 

N — 2. In the case of N = 2, sing(M) is eountable. 

This estimate had been improved by C. De Lellis and E. Spadaro, [ini Theorem 

0 . 12 ]. 

Theorem 4.3. u as above and N = 2 then sing(M) consists of isolated points. 

That the upper bound on the Hausdorff dimension is sharp is a consequence of 
the following: 

Theorem 4.4. Let V C x C™ ~ x be an irreducible holomorphic 
variety with the property that 311 C open, C^ —regular, V is is a Q : 1 cover 
of n under the orthogonal projection and M(V n (11 x C™)) < oo. Then 3m G 
1T^’^(11, Aq(R^"*) Dirichlet minimizing with graph(u) = V fl (H x C™). 

This was original be proven by Almgren, (TJ Theorem 2.20]. E. Spadaro found a 
very elegant more elementary proof, [H Theorem 0.1]. 

Hence the holomoprhic varieties V = defined in (EH) generate examples of 
Dirichlet minimizers: 


(4.2) 


Uh 


{z) = X! ^ ^ 


i>ec 

u‘^=h(z) 


Definition of Aq (R"*) .' 

Let fc G N and 11 C R^, u G (7°(11, Aq(R'") is said to be C^(ll, Aq(R™)) if there 
exists a Q-valued map U, 

Q 

X Ux{y) = PI is a polynomial with degree < k 

i=l 

such that the following properties hold 

(a) 17a:(x) = foi' all X G D; 

(b) Pf = Pf if M,(x) = Mj (x); 

(c) whenever K CC LI, compact, 5 > 0 let 


Pk{S)= sup inf ^ ^ lD“P;(2/)-D“P;«(y)|lx-j/l'=-H(fc-H)! 


C.yeif 

\x-y\<S 


i—1 


then pk{^) ^ 0 as 5 —0. 
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We want to remark, that condition (b) is not always assumed, compare [SJ Def¬ 
inition 3.6] and [TUI Definiton 1.9]. 

Let ui,... ,UQ be a collection of single valued C^-functions on D. 

Q 

u{x) = 

defines a Q-valued C^-function (including property (b)), if D°‘ui{x) = D°‘uj{x) for 
all |a| < fc whenever Ui(x) = Uj{x). The function Ux is given by 

Q 

U.{y) = 

i^l 

where Px{y) = X]|a|<fe ^.D°‘xLi{x){y — x)°‘ is the fcth-order Taylorpolynomial of Ui. 
Property (c) follows from the properties of the Taylorpolynomials and (b) by the 
assumption on the order of contact. 

Now we are able to state properly the properties of the examples: 

Corollary 4.5. Let 0 < s < 1 and an integer Q > 2 be given, then there is 
u S ITjg^ (IR.+, )), Dirichlet minimizing with respect to compact perturbations 

of R2 Qjid ffig additional properties 

(i) e C'=(aR^,.4Q(R2) for all k G N; 

(ii) if s < 1 then 'H®(sing(u)) = 1 and if s = 1 then dim^(sing(M)) = 1. 

Proof of lemma [7^3] Let 0 < s < 1 be fixed and g{z) = G{z)e~^^^'> be the holo- 
morphic function on C+ constructed in lemma [TT] 

N ^ 

vGC 

v^=g{z) 

is Dirichlet minimizing and an element of ^q(K^)) for any C^-regular 

bounded subset D C C+ as a consequence of theorem 14.41 

It remains to check the C^-regularity at the boundary and the property of the 
singular set. 

We start with the regularity of the trace. By construction we had g{z) = G{z)e~^^^'^ 
is holomorphic on C\(IR._ —iEs) and g\^ has an C°° extension to C+. Furthermore 
G{z) 7^ 0 for all z G C \ {R — iEs), |G(z)| < G uniformly on C\ (M- — iEs). So that 
for any Bx{zq) C C\{'R.—iEs) there exists a holomorphic branch if : G{Br{zo)) C 
of the Q-th. root, u is then explicitly given by 
Q-i 

° Vz G Br{zo),i = e* O'. 

1=0 

Hence we are in the situation of (??) on Br{zo). The fc-jet of u is 
Q 

U'f = o g)(z), e' (V- o 5)^'^ {z),...,i\ifo 5 ) W (z))l 

1=0 

where we write if o g[z) for (if o G){z) . The C°“-regularity will follow from 

(4.3) \{if o g)^"^\—iy)\ = 0{dist(^y, Eg)) for all m G N. 

The same arguments used in the proof to lemma 13.41 show that 
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for all 0 G {dist( 0 , —iEg) > d} and a constant C = C{m) > 0. Let z G {dist(z,R — 
iEg) > d} be given, then tp o G is holomorphic on Bd{z). So Cauchy’s integral 
formula gives 




to! 

2Tri 


dBd(z) 


Ip o G{w) 
{w - z)™+i 


dw 


and therefore 


|(V'oG)('")(z)| < ^ sup \Giw)\^ <Cm\d-^ 
d'^ weBdG 


We used the uniform bound on |G|. Hence we deduce 

KV- o < G ® Vz G {dist(z,M - iEs) > d}. 

So (14.31) follows from (13.81) where we showed that for any to G N 


5R(F(z)) + mln{d) —>■ +oo as d ^ 0. 


It remains to check the properties of the singular set. By construction of u we have 
sing(u) = {z G C+ : g{z) = 0} U —iEs 

because g has the property that to any z G —iEg there exists Zk G C+ , Zk ^ 0 and 
g{zk) = 0. Set Ak = {z G C+: g{z) = 0,2^^ < 3(i(z) < 2^+^} for any k € Z. Ak 
consists of isolated points since g is holomorphic on C+ and therefore 'H’^{Ak) = 0 
for all fc G Z and s > 0. Hence we deduce 

n^i-iEs) < < n^{-iEs) + ^ n%Ak) = n^^-iE,). 

kel. 

□ 


This example, corollary 14.51 shows that the singular set can behave very badly 
towards the boundary. In the interior a blow-up analysis together with a Federer 
reduction argument is used to study the singular set, compare uni section 3] . With 
the following calculation we want to show that this procedure cannot directly trans¬ 
ferred to the boundary. 

Almgren’s celebrated frequency function is the major tool to carry out the blow-up 
analysis. For u G IF^’^(n, Aq(K™)) with H C open it is defined as 


(4.4) 


I{u,y,r) = 


D{u,y,r) 


^2-N 


L 


Br{y)C]^ 


\Du\'^ 


H{u,y,r) IgBAv)\ 

Its essential property is, compare [TUI Theorem 3.15] 


Theorem 4.6. Let u G IF^’^(n, Aq(K™)) be Dirichlet minimizing, then for any 
y G fl either 30 < R < dist(?/, i9H) s.t. u\^ = 0 or r g] 0, dist(j/, 9r2)[i-A' I(u, y, r) 

is absolutely continuous, nondecreasing and positive. 


Consequently the following limit is well-defined in the interior of Ll 
(4.5) I(u, y) = lim I(u, y, r) 

r—>0 

In the planar case C. De Lellis and E. Spadaro determined the spectrum of y i-A- 
I{u,y) to be {^ : P G N} U {0}, (TUI Proposition 5.1]. 

The following examples show that this may fail at boundary points. 

Corollary 4.7. Let Q > 2, P > 0 be two divisor free integers then there exists a 
Dirichlet minimizer u G (K.^, Aq)®^)) with 
(i) GG'=(aK^,AQ(M2)); 
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(ii) for all k G N, Zk = {e ^^+ 2 , 0 ) is a branch point of ’’order” ^ i.e. 
I(u,Zk) = §; 

(iii) limr^o 0, r) =+ 00 . 

Corollary 4.8. Let Q > 2 be an integer, 0 < s < 1 be given there is a Dirichlet 
minimizer u G (R^, .Aq(R^) with 
W eC'=(aR^,.4Q(R2)); 

(ii) sing(u) = 0, but u{z) = (5|0J| Vz G —lEg with = 1 ; 

(iii) Vimn^oo I{u, —iyki Rn) = +oo for a countable subset {j/fcjfceN C Eg and a 
seguence i?„ —)• 0. 

Before we are give the proofs, we collect two observations to calculate energy and 
L^-norm for multivalued functions arising from the holomorphic varieties defined 
in (|4.3I) . 

Aq{C) ~ y4Q(R^) enables us to define a Q-root ’’globally”, i.e. an ’’inverse” to the 
holomorphic function z i—>■ by 

Q 

(4.6) n(w) = ^ H = 

v^—w l—O 

for ^ = e’'~S' and an arbitrary choice of uq S C with = w. Furthermore we 
observed already before that for y G LI with h(y) ^ 0 there is an open neighborhood 
U with \h{z) — h{y)\ < |/i(j/)|, Vz G U. There is an holomorphic branch ip of the Q- 
root on \w-h{y)\ < \h{y)\ so that n(w) = on Bmy)\{h{y)) showing 

that n is continuous on all of C. Furthermore 

Q-i 

(4.7) w(z) = n o/i(z) = ^ |^*(V’o ^)(-z)l Vz e [/. 

i=0 

Hence u G C^{U, Aq{M.'^)) for all k since we are in the situation mentioned in (??) 
with 

Q-i 

(4.8) = yzGU. 

1=0 

We note that does not depend on the particular choice of the branch. 

As an immediate consequence of 621) the norm of u is given by 

(4.9) [ \u\^ = q[ \h\i 

Jvnn Jvnn 

for any F C C. The energy of m on F fl H due to (14.811 is then 

(4.10) [ \Du\^ = 2Q [ KV; o h)f = ^ [ \h\^-^\hf 

Jvnn Jvnn\{h^o} 'A 7yna\{ft#o} 

where fj is any local choice of a branch -0 to the Q-root. 

For instance we can use it to calculate the value of the frequency at interior 
branch points. 


Example 4.3. Let h be holomorphic on H C C and u the related Dirchlet minimizer 
(see 63). Let zo G H be a zero of order P > 1 then 


I{u,Zo) = 


p 

Q' 


Zo is a zero of order P, hence there is k holomorphic on {z: |z| < (5}, /cq = ^(0) ^ 
0 s.t. /i(zo + z) = z^k{z). We may assume that \k{z)\ > for all |z| < 5. 
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h'{zQ + z) = Pz^ ^fc(z)(l + = ^h{zo + z)(l + o(z)) and so we may use 

\h\Q~^\h'\{zQ + z) = P\z\Q~^\kQ\Q (1 + o{z)) in (14.101) to deduce 



2P2 

~Q 



|fco|^ (1 + o{z)) = 27rP|fco|^c‘^ (1 + o(r)) 


for any 0 < r < <5. Similarly, using (gH) we have 


1 

r 




+ o(z)) = 27r(5|fco| <3 r <5 (1 + o(r)). 


We conclude the claim: 


I(u,Zo,r) = -(l + o(r)). 


For boundary points zq € dfl we are facing two problems to estimate I{u, zo,r) 
and possible limits. Firstly r i—>■ I[u,zo,r) is a priory not a monotone quantity as 
it is in the interior. Secondly, even restricting ourselves to minimizers of the the 
type (14.2L h{z) does not necessarily have a convergent Taylor series at zq. 

The strategy will be to use the mean value theorem for integration in the ra¬ 
dial variable to estimate D{u,Zo,r) = from below by a multiple of 

H{u, zo, r) = ^ Jgg ( 2 p)nnl“l^' strategy is motivated by the following observa¬ 
tion. Given a function k holomorphic in a neighbourhood of z € C and k{z) yf 0, 
7 > 0, for any ^ = e*® one has 


D^\k\^ = 23? {kk'^) = 2\k\^U ( —C 


and so Hjlfcg = = 7|A:|^3? This gives 


(4.11) 


l\kr^\kf 


l\kp 


k' 

J 


2 

> 7|A:g3? 



Di\k\P 


The strategy is illustrated in the following example: 


Example 4.4. Let h(z) = e^°,0<a<l (h(z) = a{z) of (11.11) 1 in (14.2|) . i.e. 
= E ijec ['c] with z G fl = C+, then u satisfies 

v^=h{z) 

lim /(u, 0, R) = -foo. 


We will use the classic radial notation z = re*®. We define 

= a3?(0-“) = ar-“ 
Combining (14.101) with (14.111) {h{z) yf OVz S C+) gives 


‘p{z) = r3? 


h'jz) 

h{z) 


COs(q! 0 ). 


/ \Du\^ = f 


BRr\C+ Q 

i:iy^ 


\h{z)\' 


> [ 

Jbi 


(p(z) d 


JO 


BRnc+ ^ 
) ( ) {re^^)drd9 


dr 


\h\-' 


{> 


Since ip{z) > ar ®cos(q;^) > 0, (14.111) implies that ■§p\h\Q > 0. Thus we apply 
the 1—dimensional mean value theorem to deduce that to every \9\ < ^ there is 
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0 < re < R with 

«pR 


L 


f JO 


d 


dr 


(/7(re“) I -^|h|<2 ) {re^^)drd6 = / ip{ree^^) 


f 


\dr' 


\h\Q I {re^^)drd9 


> 


aR “cos(a^) J \h\Q {Re^^)d9. 


(Although it is not needed for the argument that the map 9 n- ip{ree^^) is measur¬ 
able, since it is sufficient that it is point wise bounded, we included a short remark 
below on the measurability.) We conclude using (14.9p that 


[ \Du\^>^R “cos(a^)-i f 


'Biinc+ ^ JdBRnc+ 

i.e. I{u, 0, R) > cos(a§) —>■ +oo{R —!> 0). 

As we mentioned in the proof we give a short comment concerning the measur¬ 
ability. 

Remark 4.5. We will prove the following claim: 

Let fi be a Borel regular measure on a path-connected space X, v a measure on some 
space Y and p, x u the product measure on X xY. Given f,g with the properties 
that 

(i) fj 9 1 Id pL X V summable, i.e. f,g,fg & L^{X xY,plxv) ; 

(ii) X I—>• f{x,y) is continuous for a.e. y. 

Then there exists a map x : 1" —>■ A s.t. 

(4.12) y^f{xiy),y) / 9{x,y)dy{x)= fg{x,y)dp{x) is v-integrable and 

J X J X 

(4.13) f{xiy),y) / 9 {x,y)dy{x)= I fg{x,y)dp,{x) for a.e. y 

Jx Jx 


Indeed, let A c F be the set of ?/ G F s.t. 

(a) X M- f{x,y) is continuous and |/| is finite; 

(b) X ^ g(x,y),fg(x,y) are /i-summable {g{-,y), fgi-,y) G L^{X,p)). 


We have viY\A) = 0 since (a) holds for a.e. y by assumption and (b) holds for a.e. 
y by general measure theory. The 1-dimensional mean value theorem tells that for 
y G A there exists xiv) G X s.t. the identity (14.1311 holds. Indeed let y G A be fixed, 
then z I—>■ f{z,y) R g{x,y) diJ,{x) is continuous and since \J^f{x,y)g{x,y)diJ,{x)\ < 
00 we can find xo,Xi G X s.t. 


inf/( 2 :, 2 /) / gix,y) dy{x) < f{xo,y) g{x,y)dp{x) 

Jx Jx 

< / fix,y)g{x,y)dy{x) 

Jx 

< f(.xi,y) 9 ix,y)dyix) < sup f{z,y) g{x,y)dp{x). 

Jx zex Jx 


By assumption there is a continuous path 7 connecting Xg with xi. Now we may 
apply the 1 -dimensional mean value theorem to t 1 —>■ fixit),y) R g(x,y) dy(x) to 
find a point x(y)- Since J^{fg){x,y)dp{x) is i^-integrable and for all y G A (14.1311 
is satisfied (14.1211 holds. If in addition g{x, y) dp{x) 0 for a.e. y then y >->• 
/(x(y),J/) is ^-measurable. 
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Proof of corollary \4.'7\ We claim that the minimizer u{z) = ^ y^c [^^1 with 

v‘^=b’"(z) 

b{z) = cos(ln(z))e“^ ( compare (11.11) 1 has the desired properties. 

(i) follows from the same arguments presented in the proof of corollary 14.51 so we 
omit the details here. 

(ii) corresponds to example 14.31 Since {z € C+: b(z) = 0} = {e s : k G Z}, 

b'{e ' 2 ’'' ') = ^ ^ 0 and so e~ ' 2 ^ ' is a zero of order P to b{z)^. 

(iii) remains to be proven. We want to do it similarly to the example 14.41 As before 
we define 


‘p(z) = 5ft 


b'jz) 

b{z)' 


= 5ft 


sin(ln(z)) 
cos(ln(z ))) 


3ft(tan(ln(re“))) is not uniformly bounded as |0| —>■ 0, hence we can not conclude 
directly (^(re*®) > 0 for r > 0 sufficient small. But |tan(ln(re®®))p < 
bounded on ^ < |0| < ^ and so 

(4.14) (/5(re*®) > or"" cos(a|) - > 0 

for ^ < |6(| < f and 0<r<R, R>0 sufficient small. 

A HA |&(re*^®)|2 = |cos(ln(re*^®))|2e-2’-"““'^(“^®) 

is monotone increasing. A M- e~^ “cos(aAe) jg jxionotone increasing for \\a9\ < ^ 
and A H> |cos(ln(re*''‘®))p because ^|cos(ln(re*^®))p = sinh(2Aft)6( > 0. Combine 
it with (I4.9|l ( |hp = \b\'^^Q ) givse 


(4-15) \ [ 

R Jd 


dBRr\C+ 


\u\^ = Q \b{Re^^)\-T^ de < Q 


\b{Re^^)\-Q de 


<m<i 


+ 


qf \b{RP‘^^)\^ de = ^ f \b{Re^^)\^ de. 
J\e\<i 2 i|<|e|<5 


(14.101) together with (14.111) gives with h = b^, h' = Pb^ ^b', \h\ Q = 


P^\b\^-^\b 


- 2 | z ,/|2 


L 


iDup > 


BHnc+ 




lHup = P 


L 


SKn{f<|e|<f} ^ 


> P 


L 




B«n{f<|e|<f} ^ dr 


(gUl) (i.e. ^\bfS- = and (051) show that |:|6|^(re*«) > 0 for f < 

1^1 < f! 0 < r < i?, and i? > 0 sufficient small. Hence we apply the 1—dimensional 
mean value theorem to deduce that to every f < |ft| < f there is 0 < rg < i? with 


L 


(p{z) d 


SRn{f<|e|<f} r 


TT 1 

> ( aR~°‘ cos(a—) -— 

“ ' ^2^ tanh(4 


151“^ = f ip{rge'^^) f ^161“^ (re*® drdft 

J^<\e\<^ Jo dr 

u)./ 

i)/ H<\t 


\b\^{Re^^)de. 


(Again we can avoid measurability questions using the bound (14.141) . nonetheless 
compare the previous remark H31 1 Recall (I4.15P to deduce (iii) in total since for 
R > 0 sufficient small 


l{u,0, R) > ^ [ aR “cos(a)^) — 


Q 


1 


2 tanh(j) 


-^00 (i? —>■ 0). 


□ 
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Proof of corollary \4.8\ We claim that for the choice f{z) = e of lemma fOI 
with a fixed 0 < s < 1 the minimizer u(z) = ^ veC |fl has the desired properties. 

(i) follows as before by similar arguments presented in the proof to corollary 14.51 
and so we omit the details. 

(ii) corresponds with f{z) ^ 0 for all z G C+. 

(iii) remains to be proven. We define 

Ru = \EnA + I - 2 \E„,.\) = - 1)2-^ 

Rn = \En,-\ + 2 (|£^ra-l..| — 2|i?„,.|) = -\En-l,.\ + g|£'n,.| = g(2» + 1)2 o 

and set <5 = |(2i — 2) > 0. We will show that (iii) holds for the countable set 
{yrlrGl and the sequence i?„. 

Let j/t-q be given and hxed from now on. Set 

Io={t el: yr = Vro}', 

hence for any Id/co G N s.t. Vr = (fc, Z) with k < k^, yr ^ yrg and Vfc > ko 
!3r = (fc, 1) G Xq. We may assume that tq = {ko,lo)- We partition X \ Xq as follows: 

Ii = {t e I: yr ^ Erg} 

and for any t = (fc, Z) G Xq \ {tq} (i.e. I is odd and k > ko) set 
Xr = {t' G X: yr' G H Erg}. 

Observe that then for each such r = (fc, Z) G Xq, k > k > ko one has 

\{r' = {k',l')eIr:k' = k}\ = 2^-\ 


Define 

x(2 + iyrg) = ^i-F\z) {z + iyrg)). 

To simplify notation we will set r = rrg, 9 — Oog i.e. z + iyrg = re*®. (14.111) in our 
case corresponds to 


(4.16) 


Sr'-^' Q r 


Recall from lemma [HI] that ^F'{z){z + iyrg) = Y)rei^k{z + iyr)~°‘~^iz + iyrg) 
converging absolutely and 5R((z + iyr)~°'~^{z + iyrg)) = r“““^r cos((a + l)9r — 9). 
For T gIq we have z + iyr = z + iyrg = re*® and so 


K ( X! + *2Zro) j = r “ cos(q! 6*) ^ Cfc > Cor “ 

\reXo / tGXo 

with Co = cos(q;|) > 0. 

For T e Ii, 0 < r < R, R > 0 sufficient small we have r^ > 6\Fkg,.\ because 
rr > \Ekg-i,. \ — 2\Fkg,. \ — r. Therefore we found 


^i'^Okiz + iyr) “ + iyrg)\ >-{S\Fkg,.\) “ V a/; > -cir 

VtGXi / reli 

In the rest of the argument we restrict us to < r < and n > N for some large 
N e N. If T = (k, 1) G Xq with kg < k < n and r' G Ir then rr > \yr' — yr \ — r > 
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|£;fe_i,.| - \Ek,.\ - Rn> 5\Ek,.\, SO that 


Ofc'v" Vcos 

T=(fc.i)GloT'GlT 
kQ<.k<n 




((o + i)e,.-e)>- (i|E.,,|)—V - 

kQ<.k<n k'—k ' 


> - 


r ^ M’^ cU 

- > - > -r - > —-rM 

ja+i fc-1- (5“+ifco(M-l) - ko 

ko<k<n 


where M = (2°» ^) > 1. If t = {k,l) G Iq with n < k and r' S Xr then 

rr>r- \yr' - vA > En - \Ek-i.- \ >En- \EnA = A^nA honce 

OO OO rt — k 

X! afe'V““^^cos((a + l)6»^.-0) >-((5|£;„,.|)-“-V y]] ^7^ 

r—(fc,/)eXo r'^X-T fc—n+1 fc'—A: ^ 

n<k 




’ h — 1 


fe=n+l 




r" 

Ei, 

n 


Summarizing for < r < i?„ and n > N = N^kg), we have 


n„l+a 


, , > -r-° 

’ ' - 2 


(4.17) -ip{re-^A > r~°‘ co - ciri+“ - ^ M"r 

a \ \ko n J 

because M^r^+°‘ < M"i?y = (^(2^+^ - 1)2-?^"^“ 2“" ^ 0 (as n ^ oo). 
(I4.16tl and (I4.17|) gives for i?„ < r < Rn 


^ ln(|/| Q (-*?/ro + E^)) = ^ 


or integrated 
(4.18) 


In 




> cR„^ 


with c = ^ ((^) “ (independent of n). 

Now we combine the just established with (14.101) 


/ \Du\^ > [ 

JBR^{-iyT-g)nC+ 9 I 

2 


{fl„<h+*yxol<JJn})nc+ 


\Du\- 


Q J {En<'r<^rt})nC+ 


\-F'\Af\^ > [ 


2 d 


{X„<»'<R„})nC+ Q r dr 


(14.161) and (14.171) show that ^|/|® > 0 for < r < Rn- We apply as before 
the 1—dimensional mean value theorem to deduce that to every \9\ < ^ there is 
0 < re < i? with 


I 


2 ip{rE'^) 9 I 

{fl„<r<R„})nC+ Q r dr 


|/|t = / ip{reE^) I y|/|^drd6» 




^{reEA (l/l « (-*yro + RnF^) - I/I « (-iyro + EnF^)) dO 


> 


«Co p_a 7 


1 — e 


-cR„ 


Ifl^i-iyro + RuFlde 
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(With the same observations as before, we can avoid measurability questions by 
(I4.17I1 .') We used in the last line (I4.17|) and (I4.18I1 . Finally remembering (14.91) we 
conclude (iii) since we found 

I{u, -iyro,Rn) > (l “ -)> oo (as n ^ oo). 

□ 


4.3. Unique continuation. Consider an elliptic operator L in divergence form 
(4.19) Lu = Di{a’'^ {x)Dju) + b^{x)DiU + c{x)u. 

A function u € (fl) is said to vanish of infinite order at a point *0 G if 


(4.20) 


= 0{R^) for every k gN. 


J BR{xo)r]Cl 

An elliptic operator L as in (|4.19l) is said to have the strong unique continuation 
property in fl if the only (fl) solution of Lu = 0 on which vanishes of infinite 
order at a point xq G 12 is u = 0 . 

N. Garofalo, F. Lin showed in [SJ Theorem 1.1] that L has the unique continuation 
property under certain assumptions on the regularity and ellipticity of the coeffi¬ 
cients {x),V{x),c{x). They are able to deduce their result proving a doubling 
theorem like the following, which the prove using the frequency function. (The 
quoted version can be found in [S] Theorem 6.1]) 

Theorem 4.9. Let L as in (|4.19|1 with {x) symmetric, uniformly elliptic and 
Lipschitz, b’‘{x),c{x) continuous, then if u G {B 2 Ra{xo)) nonconstant solves 
Lu = 0 on B 2 Hg(xo) then there exists 0 < R = R{a'^^,b'', c, xq) < Ro and d = 
d(a*2,6®,c,a;o,u) >0 s.t. 


u^ < 2^'^ 


' B2r{xo) 


/ u VO < r < i? 

' Br-{xa) 

A consequence of lemma 11.11 is that a strong unique continuation theorem fails 
for boundary points. 


Example 4.6. Given 0 < s < 1 there exists u G (^“(K^), u 7 ^ 0 with 

Am = 0 on (i.e. harmonic) 

and a set Eg C with = 1 (0 < s < 1), dim-niEs) = 1 (s = 1) such 

that u vanishes to infinite order for all 2 : G —iEg. 

Observe that A satisfies the conditions of theorem mi and therefore has the 
strong unique continuation property in the interior of R^. 

Proof of example \4-b\ Let 0 < s < 1 be given and / the related holomorphic func¬ 
tion of lemma O Since / is on C+ dH and (7+ convex we have by 1 - 
dimensional analysis 
(4.21) 

^ il-s)^-^f^'^\zo + siz-zo)){z-zo)'" ds. 

The function 

u(z) = K(/^) 

is harmonic and non-constant on , C°° on R^ and has the desired property since 
for zq G —iEg, /(^^(zo) = OVZ and therefore by (14.211) 


|w(2)l < -n 

L(;GC-|-nSi(zo) 


|/W(m;)||z — zol^ forall z S C+ (~l i?i(zo)- 
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This implies that u satisfies (14.201) . □ 
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